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Hyperentangled Bell-state analysis (HBSA) is critical for high-capacity quantum communication.
Based on a recent proposal by Wang et al. [Opt. Express 24 28444–28458 (2016)]. We design two
separate schemes for error-heralded deterministic generation and self-assisted complete HBSA of
two-photon entangled in both polarization and spatial-mode degrees of freedom. Different from
previous programs, we firstly proposed an error-heralded block with a singly charged quantum dot
inside a single-sided optical microcavity, with which errors due to imperfect interactions between
photons and quantum dot systems can be heralded. Thanks to the error-heralded block, the
fidelity of the two schemes for hyperentangled Bell-state generation and complete HBSA can reach
unit one. Besides, hyperentanglement makes it possible to analyze the polarization state assisted
by the measured spatial-mode state. The self-assisted way of the HBSA greatly simplifies the
analysis process and largely relaxes the requirements on nonlinearities. Therefore, the schemes
hold the promise to implement more easily in experiments, taking a step closer to the long-distance
high-capacity quantum communication.
Keywords: Quantum hyperentanglement, error-heralded, self-assisted, high-capacity quan-
tum communication, quantum information processing
I. INTRODUCTION
Quantum entanglement is a critical quantum resource
in quantum information processing [1], and has attracted
much attention in recent years due to its numerous ap-
plications [2–12]. In quantum communication, informa-
tion is encoded in different quantum states, for exam-
ple the four Bell states of a two-photon entangled sys-
tem. In order to read the quantum information, we must
completely distinguish the different quantum states, Bell-
state analysis (BSA) is an essential technology. In 1999,
two schemes for analyzing the photon polarization de-
grees of Bell state using only linear optics were proposed
by Vaidman et al. [13] and Lu¨tkenhaus et al. [14], but
the maximum success rate of their schemes is only 50%
theoretically and experimentally. Some other proposals
[15–18] show that by introducing entanglement of other
degrees of freedom, four Bell states of a single degree of
freedom can be completely distinguished with only linear
optical elements.
In order to further improve the quantum channel
capacity, beat the limit of linear photonic superdense
coding [19], we can also encode the quantum infor-
mation in more than one degrees of freedom. Hy-
perentanglement [20–27], which means particles are si-
multaneously entangled in multiple degrees of freedom
(DOFs), becomes a key resource in high-capacity quan-
tum communication[28–38]. Currently, the preparation
of hyperentangled states in different DOFs, such as
polarization-momentum DOFs [22], polarization-orbital-
∗email: zhangmei@bnu.edu.cn
angular momentum DOFs [23], and multipath DOFs [24],
are already available. In experiments, the techniques
used for creating a single DOF entanglement can be com-
bined to generated hyperentanglement [25]. However,
completely analysis of the hyperentangled Bell-state is
still a huge challenge in high-capacity quantum informa-
tion processing. Considering that completely HBSA can-
not be accomplished only with linear optical elements
[39, 40], researchers have gradually introduced nonlin-
ear media [41–48] to assist complete HBSA. In 2010,
Sheng et al. [41] firstly presented a way to completely
distinguish the 16 hyperentangled Bell states completely
with cross-Kerr nonlinearity, and discussed its applica-
tion in quantum hyperteleportation and hyperentangle-
ment swapping. Subsequently, some other interesting
HBSA schemes with single-sided [42] or double-sided [43]
quantum-dot (QD) cavity system were proposed. In
2015, two schemes for hyperentangled Bell-state gener-
ation (HBSG) and HBSA using nitrogen-vacancy (NV)
centers cavity system were proposed by Liu et al. [44],
which can realize non-destructive discrimination of 16
two-photon hyperentangled states by using four NV sys-
tems. Although the use of nonlinearity can achieve the
complete distinction of the hyperentangled Bell state,
due to the nonlinear interaction, its fidelity is difficult
to reach unit one, and the efficiency can not reach 100%.
In 2016, Li et al. [45] proposed a self-assisted complete
HBSA scheme using cross-Kerr nonlinearity, which use
spatial information to assist polarization state differen-
tiation, the nonlinear interactions were reduced and the
fidelity were increased to some extent. Then, Wang et
al. [46] gave a way for error-detected HBSG and com-
plete HBSA for photon systems assisted by double-sided
QD-cavity systems. In which, the errors caused by non-
2linear interactions can be detected, and their fidelities
can be largely improved. In 2016 [47] and 2017 [48], Liu
et al. and Li et al. proposed two solutions respectively,
they try to assist HBSA with a third degree of freedom
take the place of some nonlinear components. Inspired
by these works, we want to propose a new solution that
will enable the fidelity to reach unit one and maintain a
high efficiency.
In our scheme, an error-heralded block was constructed
with QD in a single-sided cavity system and two schemes
for deterministic HBSG and complete HBSA were pro-
posed with this block. As the errors caused by the imper-
fect interaction between photons and QD-cavity systems
can be heralded, the two schemes have a high fidelity of
unit one. The error-heralded HBSG scheme can be re-
peated until the deterministic generation of hyperentan-
gled two-photon state was accomplished. By using the
measured spatial-mode state to assist the analysis of the
polarization state, the complete HBSA scheme works in
a self-assisted way and uses only two nonlinear QDs, and
it can also realize the function of error avoidance, which
greatly reduces the resource loss. Compared to a double-
sided cavity system, a single-sided cavity system does not
require the balance between the upper and lower sides,
and is easier to construct experimentally. The schemes
are more useful in high-capacity quantum communication
with hyperentanglement in the future.
II. INTERACTION BETWEEN A CIRCULARLY
POLARIZED LIGHT AND A SINGLY CHARGED
QD IN A SINGLE-SIDED MICROCAVITY
Semiconductor quantum dots are a popular solid phys-
ical system applied to quantum information research
[30, 31, 33, 42, 43, 46, 49–57] in recent years because
of its long coherence time [58, 59] and good integration
[60–62]. Fig. 1(a). shows the singly charged quantum
dot(e.g., a self-assembled In(Ga)As QD or a GaAs inter-
face QD) embedded in the center of a single-sided mi-
crocavity (the top distributed Bragg reflectors are 100%
reflective and the bottom distributed Bragg reflectors are
partially reflective).
If an extra electron is injected into the quantum dot,
a negatively charged exciton [63](X−, | ↑↓⇑〉 or | ↓↑⇓
〉) containing two electrons and a hole will be created
with the optical excitation shown in Fig. 1(b), where the
selection criteria of spin-dependent transition is based on
the Pauli’s exclusion principle [64]. That is, if the excess
electron is in the state | ↑〉, the negatively charged exciton
X− in the state | ↑↓⇑〉 is created by absorbing the left
circularly polarized light |L〉. If the excess electron is
in the state | ↓〉, the right circularly polarized light |R〉
can be absorbed to create the negatively charged exciton
X− in the state | ↓↑⇓〉. Here, | ⇑〉 (| ⇓〉) and | ↑〉 (| ↓〉)
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FIG. 1: (a) Schematic diagram of a singly charged QD inside
a single-sided optical micropillar cavity . (b) The relative
energy levels and the optical transitions of a QD.
represent a hole state and an electron state with the spin
projections |+ 3
2
〉 (|− 3
2
〉) and |+ 1
2
〉 (|− 1
2
〉), respectively.
In the interaction picture [65], the Heisenberg equa-
tions of cavity field operator aˆ and exciton X− operator
σˆ− are described as
daˆ
dt
= −[i(ωc − ω) + κ
2
+
κs
2
]aˆ− gσˆ− −
√
κaˆin,
dσˆ−
dt
=−[i(ωX− − ω) +
γ
2
]σˆ− − gσˆzaˆ,
aˆout = aˆin +
√
κaˆ,
(1)
where ω, ωc and ωX− denote the frequencies of the input
photon, the columnar microcavity and the X− transi-
tion, respectively. g is the coupling strength between the
quantum dot and the microcavity. γ/2 and κ/2 represent
the decay rates of X− and microcavity field mode. κs/2
is the microcavity leakage rate, aˆin and aˆout represent
input and output field operators, respectively.
In the weak excitation approximation (〈σˆz〉 = −1 and
σˆzaˆ = −aˆ), the solution of the reflection coefficient [53,
57] of the single-sided quantum-dot-cavity system can be
obtained as
r(ω) = 1−
κ[i(ωX− − ω) +
γ
2
]
[i(ωX− − ω) +
γ
2
][i(ωc − ω) +
κ
2
+ κs
2
] + g2
.
(2)
In the cold cavity case (g = 0), the reflection coefficient
reduces to
ro(ω) =
i(ωc − ω)− κ2 + κs2
i(ωc − ω) + κ2 + κs2
. (3)
Then the interaction of the photon and the single-sided
quantum-dot-cavity system can be described by the re-
flection operator rˆ(ω). Here
rˆ(ω) = |ro(ω)|e
iϕo(|R〉〈R| ⊗ | ↑〉〈↑ |+ |L〉〈L| ⊗ | ↓〉〈↓ |)
+ |rh(ω)|e
iϕh(|L〉〈L| ⊗ | ↑〉〈↑ |+ |R〉〈R| ⊗ | ↓〉〈↓ |),
(4)
where ϕo = arg[ro(ω)] and ϕh = arg[rh(ω)] denote the
phase shifts of reflection light in the cold cavity and hot
3cavity, respectively. If the state of the injected electron
spin is | ↑〉, the left circular light |L〉 gets a reflection
phase shift ϕh, and the right circular light |R〉 has a
reflection phase shift ϕo. If the injected electron spin
is in the state | ↓〉, the right circular light |R〉 has a
reflection phase shift ϕh, and the left circular light |L〉
gets a reflection phase shift ϕo. By adjusting ω and ωc
(ω − ωc = 0), ϕh − ϕo = pi can be obtained. In the
condition ω = ωX− = ωc and κ ≫ κs, the reflection co-
efficients of cold and hot cavities can achieve |ro(ω)| ≃ 1
and |rh(ω)| ≃ 1. Then, the reflection operator rˆ(ω) can
be expressed as
rˆ(ω) = eiϕo [(|R〉〈R| ⊗ | ↑〉〈↑ |+ |L〉〈L| ⊗ | ↓〉〈↓ |)
+ eiϕh(|L〉〈L| ⊗ | ↑〉〈↑ |+ |R〉〈R| ⊗ | ↓〉〈↓ |)].(5)
After performing reflection operator rˆ(ω) on the states of
the photon and the electron spin, the input-output rela-
tion of the single-sided QD-cavity system can be obtained
as
|R, ↑〉 → |ro||R, ↑〉, |L, ↑〉 → −|rh||L, ↑〉,
|R, ↓〉 → −|rh||R, ↓〉, |L, ↓〉 → |ro||L, ↓〉. (6)
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FIG. 2: Schematic diagram of the error-heralded block. If
the photon having passed through the block has not changed
its own polarization state nor the state of the QD, it will
be detected by the detector. Hp represents a half-wave
plate, which performs the polarization Hadamard operation
[|R〉 → 1√
2
(|R〉 + |L〉), |L〉 → 1√
2
(|R〉 − |L〉) ] on the photon.
CPBS represents a polarizing beam splitter which transmits
right circularly polarized photon |R〉 and reflects left circularly
polarized photon |L〉. D represents a single-photon detector.
III. THE ERROR-HERALDED BLOCK FOR
THE IMPERFECT INTERACTION BETWEEN
PHOTONS AND A QD-CAVITY SYSTEM
In order to avoid the errors caused by the imper-
fect interactions between photons and QD-cavity sys-
tems, we construct an error-heralded block with an QD
in single-sided cavity system, two circular polarization
beam splitters (CPBS), one half-wave plate (Hp) and
one single-photon detector (D). The schematic diagram
of the error-heralded block is shown in Fig. 2. The QD
in the single-sided cavity is initially prepared in the state
|ϕ+〉= 1√
2
(|↑〉+ |↓〉).
If the input photon is in the left-circularly polarized
state |L〉, the state of the whole system composed of the
photon and the QD in the cavity is
|Φ〉
0
= |L〉 ⊗ 1√
2
(|↑〉+ |↓〉). (7)
The photon will be transmitted by the CPBS on the
left and then pass through the half-wave plate(Hp). The
state of the whole system will change to |Φ〉
1
, which can
be expressed as
|Φ〉
1
=
1√
2
(|R〉 − |L〉)⊗ 1√
2
(|↑〉+ |↓〉). (8)
After the interaction between the photon and the QD-
cavity system, the state becomes
|Φ〉
2
=
1
2
(rh |R〉 |↑〉 + ro |R〉 |↓〉 − ro |L〉 |↑〉 − rh |L〉 |↓〉). (9)
Then the photon passes through the half-wave plate(Hp)
again, the state will change to
|Φ〉
3
=
1
2
√
2
[rh(|R〉+ |L〉) |↑〉+ ro(|R〉+ |L〉) |↓〉
− ro(|R〉 − |L〉) |↑〉 − rh(|R〉 − |L〉) |↓〉]
=
1
2
√
2
[(rh − ro) |R〉 |↑〉+ (rh + ro) |L〉 |↑〉
− (rh − ro) |R〉 |↓〉 − (rh + ro) |L〉 |↓〉]
=
1
2
√
2
[(rh − ro) |R〉 (|↑〉 − |↓〉)
+ (rh + ro) |L〉 (|↑〉+ |↓〉)]
=
1
2
[(rh − ro) |R〉
∣
∣ϕ−
〉
+ (rh + ro) |L〉
∣
∣ϕ+
〉
].
(10)
At last, the photon passes through the CPBS on the
right and the reflected |L〉 component will be detected by
the single photon detector (D), and the final state can be
described as
|Φ〉
4
=
1
2
(rh − ro) |R〉
∣∣ϕ−
〉
. (11)
We can see that if the photon is reflected by the error-
heralded block, the polarization of the photon and the
state of the QD would not change, the photon will be de-
tected by the detector and the click of detector represents
the error-herald process. If there is no click of the detec-
tor, the photon will transmitted from the error-heralded
block and means there are no errors in the process.
4IV. ERROR-HERALDED GENERATION OF
HYPERENTANGLED BELL STATES FOR TWO
PHOTONS INTERACTING WITH
SINGLE-SIDED QUANTUM-DOT-CAVITY
SYSTEMS
The hyperentangled Bell states in both polarization
and spatial-mode DOFs can be written as
|Φ〉AB = |ϕP 〉AB ⊗ |ϕS〉AB . (12)
Here AB denotes two photons. |ϕP 〉AB is one of the four
polarization Bell state:
|φ±P 〉AB =
1√
2
(|RR〉 ± |LL〉),
|ψ±P 〉AB =
1√
2
(|RL〉 ± |LR〉).
(13)
|ϕS〉AB is one of the four spatial-mode Bell states:
|φ±S 〉AB =
1√
2
(|a1b1〉 ± |a2b2〉),
|ψ±S 〉AB =
1√
2
(|a1b2〉 ± |a2b1〉).
(14)
Here a1 (b1) and a2 (b2) denote the two spatial modes
of photon A (B). The states |φ±P 〉AB and |φ±S 〉AB are in
even-parity mode, and the states |ψ±P 〉AB and |ψ±S 〉AB are
in odd-parity mode. The principle for the hyperentangled
Bell states generation (HBSG) is shown in Fig. 3. The
initial states of the two electron spins e1 and e2 in two
QD-cavity systems QD1 and QD2 are |ϕ+〉1 and |ϕ+〉2,
respectively. Here |ϕ±〉 = 1√
2
(| ↑〉 ± | ↓〉), and the two
QD-cavity systems QD1 and QD2 are in the ideal condi-
tion. The two photons A and B are prepared in the same
initial state |ϕ+〉A = |ϕ+〉B = 1√
2
(|R〉+ |L〉), the process
for HBSG can be described in detail as follows.
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FIG. 3: Schematic diagram of the error-heralded two-photon
HBSG in both polarization and spatial modes. BS is a 50 :
50 beam splitter which performs the spatial-mode Hadamard
operation [|x1〉 →
1√
2
(|y1〉 + |y2〉), |x2〉 →
1√
2
(|y1〉 − |y2〉),
x = a, b and y = c, d]. Z1 is a half-wave plate which performs
a polarization bit-flip operation Z = |R〉〈L|+ |L〉〈R|. WFC is
a waveform corrector mapping |i〉2 to
1
2
(rh − ro)|i〉2, |i〉1 and
|i〉2 denote two spatial modes of photon i (i = a, b).
First, photon A is injected into the quantum circuit
through the left input port, then enters photon B. It must
be ensured that the time interval between the two input
photons is less than the decoherence time of the elec-
trons in QD. CPBS1 will transmit the photons in state
|R〉 to path a2(b2) and reflect the |L〉 photons to path
a1(b1). The photons in path a1(b1) will then pass through
the error-detected block QD1 and Hp1. The photons
in path a2(b2) will then pass through the WFC (wave-
form corrector) [66], which changes |i〉2 to 12 (rh− ro)|i〉2.
This slightly decreases the overall success probability, but
leaves the fidelity intact. The state of the entire system
changes from Ψ0 = |ϕ+〉A|ϕ+〉B|ϕ+〉1|ϕ+〉2 to Ψ1, before
the photons reach the BS. Here Ψ1 is
Ψ1 =
1
2
(|LLa1(b1〉|ϕ+〉1 + |LRa1(b2〉|ϕ−〉1
+ |RLa2(b1〉|ϕ−〉1 + |RRa2(b2〉|ϕ+〉1)|ϕ+〉2.
(15)
Then the two wave packets splitted by CPBS1 will inter-
fere at BS, which complete the spatial-mode Hadamard
operation [|a1(b1)〉 → 1√
2
(|c1(d1)〉 + |c2(d2)〉), |a2(b2)〉 →
1√
2
(|c1(d1)〉 − |c2(d2)〉)], and lead photons to path c1(d1)
or c2(d2). Photons in path c1(d1) will then pass through
the second error-heralded block consisting of the two
CPBSs, QD2 and Hp2. The whole system will change
to the following state
Ψ2 =
1
2
(|φ+〉P |φ
+〉S|ϕ
+〉1|ϕ
+〉2 + |ψ
−〉P |ψ
−〉S|ϕ
+〉1|ϕ
−〉2
+ |ψ+〉P |φ
−〉S|ϕ
−〉1|ϕ
+〉2 − |φ
−〉P |ψ
+〉S|ϕ
−〉1|ϕ
−〉2).
(16)
Eq.(16) shows the relationship between the polarization-
spatial hyperentangled Bell states of the two photons
syetem and the measurement results of the two QD-
cavity systems. If QD1 and QD2 are in the states |ϕ+〉1
and |ϕ+〉2, respectively, the two photon is in the hyper-
entangled Bell state |φ+〉P |φ+〉S . When QD1 and QD2
are in the states |ϕ+〉1 and |ϕ−〉2, respectively, the two
photon is in the hyperentangled Bell state |ψ−〉P |ψ−〉S .
Similarly, QD states |ϕ−〉1|ϕ+〉2 corresponds to hyper-
entangled Bell state |ψ+〉P |φ−〉S , QD states |ϕ−〉1|ϕ−〉2
corresponds to hyperentangled Bell state |φ−〉P |ψ+〉S .
In this way, we can deterministically generate 4 two-
photon polarization-spatial hyperentangled Bell states by
measuring the state of two QDs, and then generate the
other 12 polarization-spatial hyperentangled Bell states
through some appropriate single-bit operations.
V. SELF-ASSISTED COMPLETE
TWO-PHOTON
POLARIZATION-SPATIAL-MODE
HYPERENTANGLED BELL STATES ANALYSIS
WITH ERROR-HERALDED BLOCKS
The principle for distinguishing the 16 hyperentan-
gled Bell states is shown in Fig. 4. Which contains two
5 
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FIG. 4: Schematic diagram of the self-assisted two-photon
complete polarization-spatial HBSA.
steps: spatial-mode Bell states analysis and polarization
Bell states analysis. The two error-heralded block are
used to record the space-state information. The Z rep-
resents a half-wave plate which is used to perform a bit-
flip operation Z = |R〉〈L| + |L〉〈R| in the polarization
DOF, and the beam splitters(BSs) guide the photons
from each input port to those two output ports with
equal probabilities. The waveform correctors(WFCs) in
path a2(b2) is used to eliminate the infidelity caused by
the cavity-QD-system. The circular polarization beam
splitter(CPBS) transmits the input right-circularly po-
larized photon and reflects the left-circularly polarized
photon, the polarization beam splitter(PBS) transmit
horizontal polarized states while reflecting vertical po-
larized states. The CPBS and two PBSs form a single-
photon Bell state measurement device (SPBSM), which
discriminates four single-photon Bell states completely,
assisted by the spatial information recorded in the two
QDs, we can completely distinguish the 16 two-photon
hyperentangled Bell states. We describe the process for
HBSA as follows.
A. HBSA protocol for Bell states in spatial mode
The first step is used to distinguish the 4 spatial-mode
Bell states assisted by the single-sided QD-cavity sys-
tems. The initial states of the two electron spins e1
and e2 in two QD-cavity systems QD1 and QD2 are
|ϕ+〉1 = |ϕ+〉2, and the two QD-cavity systems QD1 and
QD2 are in the ideal condition. The state of photon pair
AB is one of the 16 hyperentangled Bell states. Then let
photons A and B enter the state analysis device shown
in Fig. 4, one after another, the interval time between
the two photons should be less than the spin coherence
time of the QDs. After the two photons interacting with
QD-cavity systems QD1, before the two wave packets in
mode a(b)1 and a(b)2 interfere at BS1, the state of the
system composed of electron spin e1 and photon pair AB
will changed to:
|φ±P 〉AB|φ+S 〉AB
QD1,Z1−−−−−→
a1,b1
|φ±P 〉AB |φ+S 〉AB |ϕ+〉1,
|ψ±P 〉AB |φ+S 〉AB
QD1,Z1−−−−−→
a1,b1
|ψ±P 〉AB |φ+S 〉AB |ϕ+〉1,
|φ±P 〉AB|φ−S 〉AB
QD1,Z1−−−−−→
a1,b1
|φ±P 〉AB |φ−S 〉AB|ϕ+〉1,
|ψ±P 〉AB |φ−S 〉AB
QD1,Z1−−−−−→
a1,b1
|ψ±P 〉AB |φ−S 〉AB |ϕ+〉1,
|φ±P 〉AB|ψ+S 〉AB
QD1,Z1−−−−−→
a1,b1
|φ±P 〉AB|ψ+S 〉AB |ϕ−〉1,
|ψ±P 〉AB |ψ+S 〉AB
QD1,Z1−−−−−→
a1,b1
|ψ±P 〉AB|ψ+S 〉AB|ϕ−〉1,
|φ±P 〉AB|ψ−S 〉AB
QD1,Z1−−−−−→
a1,b1
|φ±P 〉AB|ψ−S 〉AB |ϕ−〉1,
|ψ±P 〉AB |ψ−S 〉AB
QD1,Z1−−−−−→
a1,b1
|ψ±P 〉AB|ψ−S 〉AB |ϕ−〉1.
(17)
From the above changes, it can be seen that QD1 records
the parity information of the spatial-mode state. If the
electron spin e1 is in the state |ϕ+〉1, the spatial-mode
state of photon pair AB is in the even-parity mode. If
the electron spin e1 is in the state |ϕ−〉1, the spatial-
mode state of photon pair AB is in the odd-parity mode.
Now, we can see that the even-parity Bell states can be
distinguish from the odd-parity Bell states assisted by
the QD-cavity systems QD1, without affecting the state
of the photon pair AB. Then the photons in two spatial-
mode will interfere at BS1, which performs a Hadamard
operation on the spatial-mode state while transforming
the phase information into parity information. Therefore
we can similarly use QD2 to record the phase information
of the spatial-mode state. The corresponding transfor-
mations on the states before the c-PBS can be described
as follows:
|φ±P 〉AB|φ
+
S 〉AB
QD1,Z1,QD2,Z2−−−−−−−−−−−→
a1,b1
|φ±P 〉AB|φ
+
S 〉AB |ϕ
+〉1|ϕ
+〉2,
|ψ±P 〉AB|φ
+
S 〉AB
QD1,Z1,QD2,Z2−−−−−−−−−−−→
a1,b1
|ψ±P 〉AB |φ
+
S 〉AB |ϕ
+〉1|ϕ
+〉2,
|φ±P 〉AB|φ
−
S 〉AB
QD1,Z1,QD2,Z2−−−−−−−−−−−→
a1,b1
|φ±P 〉AB |φ
−
S 〉AB |ϕ
+〉1|ϕ
−〉2,
|ψ±P 〉AB|φ
−
S 〉AB
QD1,Z1,QD2,Z2−−−−−−−−−−−→
a1,b1
|ψ±P 〉AB |φ
−
S 〉AB |ϕ
+〉1|ϕ
−〉2,
|φ±P 〉AB|ψ
+
S 〉AB
QD1,Z1,QD2,Z2−−−−−−−−−−−→
a1,b1
|φ±P 〉AB |ψ
+
S 〉AB |ϕ
−〉1|ϕ
+〉2,
|ψ±P 〉AB|ψ
+
S 〉AB
QD1,Z1,QD2,Z2−−−−−−−−−−−→
a1,b1
|ψ±P 〉AB |ψ
+
S 〉AB|ϕ
−〉1|ϕ
+〉2,
|φ±P 〉AB|ψ
−
S 〉AB
QD1,Z1,QD2,Z2−−−−−−−−−−−→
a1,b1
|φ±P 〉AB |ψ
−
S 〉AB |ϕ
−〉1|ϕ
−〉2,
|ψ±P 〉AB|ψ
−
S 〉AB
QD1,Z1,QD2,Z2−−−−−−−−−−−→
a1,b1
|ψ±P 〉AB |ψ
−
S 〉AB |ϕ
−〉1|ϕ
−〉2.
(18)
After passing through the two QD systems, the two pho-
tons A and B can be entangled with the electron spins
in the two cavities. It can be seen that such a two-
photon hyperentangled state does not change after inter-
acting with the QDs, Hps, BSs, the whole system returns
to the initial state. Different combinations of two QDs
status, reflecting four different two-photon entanglement
6spatial states. We assume that the initial states of the
excess electron in the cavity is |ϕ+〉 = 1√
2
(| ↑〉 + | ↓〉).
The Z represents a half-wave plate which is used to
perform a bit-flip operation Z = |R〉〈L| + |L〉〈R| in
the polarization DOF, Hp represents a half-wave plate,
which can performs the polarization Hadamard opera-
tion |R〉 → 1√
2
(|R〉 + |L〉), |L〉 → 1√
2
(|R〉 − |L〉) on the
photon, and the beam splitters(BSs) can accomplish the
Hadamard operation on the spatial-mode DOF. The cir-
cular polarization beam splitter(c-PBS) transmits the in-
put right-circularly polarized photon and reflects the left-
circularly polarized photon, the polarization beam split-
ter(PBS) transmit horizontal polarized states while re-
flecting vertical polarized states. The two QDs are used
to record spatial information and do not destroy the po-
larization information, QD1 is used to record the parity
information, and QD2 to record the phase information.
The spin state of excess electron in QD1 is changed for
odd-parity states and unchanged for even-parity. The
spin state of excess electron in QD2 is changed for nega-
tive phase states and unchanged for positive phase states.
The relation between the outcomes of the two QDs and
the initial space states is shown in Table I.
We can detect whether or not there is a photon inter-
acting with the QD-cavity system by measuring the spin
state of the excess electron. If the excess electron is in the
initial states, there is no photon (or two photons) inter-
acting with the QD-cavity system. If the excess electron
is in the |ϕ−〉 = 1√
2
(| ↑〉 − | ↓〉) states, there is a photon
interacting with the QD cavity system (with a bit-flip
operation Z = |R〉〈L|+ |L〉〈R| on the photon, its original
polarization state is recovered). At this point, we can
fully distinguish the four space Bell states and do not
affect it.
TABLE I: The relation between the outcomes of the two QDs
and the initial space states.
Initial space states QD1 QD2
|φ+S 〉AB |ϕ
+〉1 |ϕ
+〉2
|φ−S 〉AB |ϕ
+〉1 |ϕ
−〉2
|ψ+S 〉AB |ϕ
−〉1 |ϕ+〉2
|ψ−S 〉AB |ϕ
−〉1 |ϕ−〉2
B. HBSA protocol for Bell states in polarization
mode
The second step is discrimination of 4 polarization Bell
states assisted by the spatial-mode entanglement. The C-
PBS and two PBSs form a single-photon Bell state mea-
surement device (SPBSM), which can be used to discrim-
inate 4 single-photon polarization Bell states completely.
The 8 single-photon Bell states of two photons A, B that
composed of the polarization and spatial-mode DOFs can
be expressed as
|φ±〉X = 1√
2
(|Rx2〉 ± |Lx1〉),
|ψ±〉X = 1√
2
(|Rx1〉 ± |Lx2〉).
(19)
Here X(x) can be either A(a) or B(b). For example,
after the photon A passes through c-PBS, the four single-
photon Bell states will change to
|φ+〉A → 1√
2
(|R〉+ |L〉)|a1〉 = |H〉|a1〉,
|φ−〉A → 1√
2
(|R〉 − |L〉)|a1〉 = |V 〉|a1〉,
|ψ+〉A → 1√
2
(|R〉+ |L〉)|a2〉 = |H〉|a2〉,
|ψ−〉A → 1√
2
(|R〉 − |L〉)|a2〉 = |V 〉|a2〉.
(20)
Here |R〉 = 1√
2
(|H〉 + |V 〉) and |L〉 = 1√
2
(|H〉 − |V 〉).
After the photon A passing through two PBSs, the pho-
ton in state |H〉|a1〉, |V 〉|a1〉, |H〉|a2〉 or |V 〉|a2〉 will be
detected by the photon detector a+1 , a
−
1 , a
+
2 or a
−
2 , re-
spectively. The four single-photon Bell states of photon
B can be detected in the same way. The relationship
of the 8 single-photon Bell states and the corresponding
response of photon detectors is summarized as follows:
|φ±〉X ←→ x±1 , |ψ±〉X ←→ x±2 . (21)
Here X(x) can be either A(a) or B(b). Before performing
the single-photon Bell state measurements(SPBSMs), the
spatial-mode state of the two photons is known, and can
assist the analysis of the four polarization Bell states. If
the spatial-mode state after the first step is |φ+S 〉AB, the
four possible combinations of SPBSMs will be
|φ±P 〉AB |φ+S 〉AB =
1
2
(|φ±〉Aφ+〉B + |φ∓〉Aφ−〉B
+ |ψ±〉Aψ+〉B + |ψ∓〉Aψ−〉B),
|ψ±P 〉AB|φ+S 〉AB =
1
2
(|φ±〉Aψ+〉B − |φ∓〉Aψ−〉B
+ |ψ±〉Aφ+〉B − |ψ∓〉Aφ−〉B).
(22)
There are 16 possible measurement combinations, which
can be divided into four different groups, each group con-
sists of 4 different polarization and space Bell states. The
relationship between the initial hyperentangled states
and the possible detections is shown in Table II. We can
determine which group the probe result belongs to, as-
sisted by the known spatial information, it is possible to
completely distinguish the 4 polarization states. And fi-
nally determine the original hyper-entangled Bell states
of the two-photon.
For example if the two QDs are both unchanged, their
states are |ϕ+〉1|ϕ+〉2, it means that the space state is
|φ+S 〉, and if the detector a+1 and b+1 have a response, it
7TABLE II: Relationship between the initial hyperentangled
states and the possible detections.
Initial states possible detections
|φ+P 〉|φ
+
S 〉, |ψ
+
P 〉|ψ
+
S 〉 a
+
1 b
+
1 , a
+
2 b
+
2
|φ−P 〉|φ
−
S 〉, |ψ
−
P 〉|ψ
−
S 〉 a
−
1 b
−
1 , a
−
2 b
−
2
|φ+P 〉|φ
+
S 〉, |φ
+
P 〉|φ
+
S 〉 a
+
1 b
+
2 , a
+
2 b
+
1
|φ−P 〉|ψ
−
S 〉, |ψ
−
P 〉|φ
−
S 〉 a
−
1 b
−
2 , a
−
2 b
−
1
|φ+P 〉|φ
−
S 〉, |ψ
+
P 〉|ψ
−
S 〉 a
+
1 b
−
1 , a
+
2 b
−
2
|φ−P 〉|φ
+
S 〉, |ψ
−
P 〉|ψ
+
S 〉 a
−
1 b
+
1 , a
−
2 b
+
2
|φ+P 〉|ψ
−
S 〉, |ψ
+
P 〉|φ
−
S 〉 a
+
1 b
−
2 , a
+
2 b
−
1
|φ−P 〉|ψ
+
S 〉, |ψ
−
P 〉|φ
+
S 〉 a
−
1 b
+
2 , a
−
2 b
+
1
means that the single photon Bell state is |φ+〉A|φ+〉B,
from table II we can see it belongs to the first group , so
the polarization state is |φ+P 〉, the original hyperentan-
gled Bell states of the two photons is |φ+P 〉|φ+S 〉. If the
detector a−1 and b
+
2 clicked, it means that the single pho-
ton Bell state is |φ−〉A|ψ+〉B, from table II we can see
it belongs to the fourth group , and we also know the
space state is |φ+S 〉, so the polarization state is |ψ−P 〉, the
original hyper-entangled Bell states of the two-photon is
|ψ−P 〉|φ+S 〉. Similarly, we can completely distinguish 16
two-photon hyperentangled Bell states with the state of
two QDs and the response of eight single photon detec-
tors.
VI. DISCUSSION AND CONCLUSION
Since the deterministic HBSG and the complete HBSA
of the two-photon hyperentangled state are very im-
portant in quantum information process, a considerable
number of theoretical and experimental programs have
been proposed [20–25, 41–46, 52], each of which has both
strengths and weakness. Schemes involving only linear
optical element cannot deterministically generate hyper-
entangled state nor completely distinguish hyperentan-
gled states. While those employing nonlinear materi-
als such as QDs in microcavity can accomplish the de-
terministic HBSG and complete HBSA, due to the im-
perfect interactions of photons with quantum dot sys-
tems, the fidelities and the efficiencies can hardly reach
unit one. Based on the optical transitions in a QD-
cavity system, we constructed an error-heraled block.
With this error-detected block, we proposed two self-
assisted schemes for the deterministic HBSG and com-
plete HBSA of two-photon polarization-spatial-mode hy-
perentangled system. The errors due to imperfect in-
teractions between photons and quantum dot systems
can be heralded by detectors, which makes the fideli-
ties of the schemes reach unit one. In an ideal condition,
|Φ〉f1 = 12 (rh−ro) |R〉 |ϕ−〉 can be obtained after the left-
polarized photon |L〉 interacting with the error-detected
block and the fidelities and the efficiencies can be 100%.
However, in a realistic condition, the outcomes of the
interaction between the photon and the error-heraled
block, which are described as Eq. (10), are affected by
the coupling sthength g of the quantum dot and micro-
cavity, the decay rates of X− and microcavity field mode
γ/2 and κ/2, the microcavity leakage rate κs/2, which
would affect the fidelities and the efficiencies as well.
The fidelity of the process for deterministic HBSG and
complete HBSA is defined as F = |〈ψf |ψ〉|2, where |ψf 〉
is the final state of the total system under actual circum-
stances and |ψ〉 is the final state with an ideal condition.
Because the schemes add WFC(wave form corrector) to
the path that has no nonlinear interaction, the fidelity
can be kept in unit one. The efficiency is defined as the
ratio of the number of the output photons to the number
of the input photons. Since in the two schemes photons
passed through the same number of nonlinear materials
and the fidelity is one, the efficiency of the state genera-
tion scheme and the state analysis scheme are the same
ηHBSG = ηHBSA =
1
28
(rh − ro)8. In Fig. 5, we numeri-
cally simulate the efficiency of the protocols.
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FIG. 5: The efficiency of the deterministic HBSG and com-
plete HBSA protocols vs κs
κ
and g
κs+κ
, γ = 0.1κ under the
condition ω = ωX− = ωc.
Besides the parameters mentioned above, the exci-
ton dephasing, including the optical dephasing and the
spin dephasing of X− will also affect the fidelities. Ex-
citon dephasing reduces the fidelity by the amount of
(1− exp−τ/Γ), where τ and Γ are the cavity photon life-
time and the trion coherence time, respectively. The op-
tical dephasing reduces the fidelity less than 10%, be-
cause the time scale of the excitons can reach hundreds
of picoseconds [67–69], while the cavity photon lifetime
is in the tens of picoseconds range for a self-assembled
In(Ga)As-based QD with a cavity Q factor in the strong
coupling regime. The effect of the spin dephasing can
be neglected because the spin decoherence time is sev-
eral orders of magnitude longer than the cavity photon
lifetime [70–72].
8In summary, we have proposed two separate schemes
for deterministic HBSG and self-assisted complete HBSA
of the two-photon polarization-spatial-mode hyperentan-
gled states with error-heralded blocks. With the help
of the error-detected block, the errors can be heralded
by detectors, which makes the fidelity of the protocols
reach unit one. In the proposal, the four spatial-mode
Bell states are completely distinguished by using two
QD-cavity systems without affecting the hyperentangled
state of the two-photon system, so the four polarization
Bell states can be completely distinguished only by lin-
ear optical elements assisted by the polarization-spatial
hyperentanglement. The protocols greatly reduced the
difficulty of experimental realization. We only need one
QD for one photon, and the device is much simpler than
previous, taking a step closer to future long-distance high
capacity quantum communication.
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